POLYNOMIAL POLY- VECTOR FIELDS 
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Abstract. In this text we give a decomposition result on polynomial poly- 
vector fields generalizing a result on the decomposition of homogeneous Poisson 
structures. We discuss consequences of this decomposition result in particular 
for low dimensions and low degrees. We provide the tools to calculate simple 
cubic Poisson structures in dimension three and quadratic Poisson structures 
in dimension four. Our decomposition result has a nice effect on the relation 
between Poisson structures and Jacobi structures. 



1. Introduction 

We motivate our discussion on poly- vector fields by Poisson structures. For this we 
recall: A Poisson structure on the n-dimensional manifold M is a skew symmetric 
bi-linear map {.,.}: C°°(M) x C'°°(M) ^ C°°{M) which obeys 

PI: The map {/, .} : C°°(Af) ^ C°°{M) is a derivation for all / S C°°{M). 
P2: The Jacobi identity {/, {g, h}} + {h, {/, g}} + {g, {h, /}} = holds for aU 

f,g,heC°-{M). 

Due to PI a Poisson structure is equivalent to a skew symmetric tensor field 11 G 
FA^TM. The Poisson bracket and the field are related by {f,g} = U{df,dg). 
This may be generalized to brackets of degree higher than two, i.e. {•,...,•} : 
x^'C°°(M) C°°{AI). If we impose conditions similar to PI and P2 we arrive at 
the so called generalized Poisson structures due to pj and . 

To translate condition P2 to the tensor 11, we have to introduce poly-vector fields. 
We denote the vector fields on M by (M) = X{M) = TTM and the fc- vector fields 
by X''{M) := A'=X(M). A natural grading is given by X^at(M) := X'=(M)[-fc]. The 
Lie bracket of vector fields extends to the Schouten bracket [ , ] : X'^(M) xX'(M) — > 
X'=+'-i(M) with [X,U] = LxU for X G X{M). This turns the shifted algebra 
2'poiy(Af) = (®fe>o-^'^(-^)[~^]) [1] iiito a Gerstenhaber algebra. This means that 
the bracket obeys the graded Jacobi identity 

{-fW[u, [V,W]] + i-f'^iw, [U,V]] + {-f^[V, [W,U]] = (1) 

so that Tpoiy(M) has a graded Lie algebra structure. Furthermore, the bracket 
is compatible with the degree one product, A : X^{M) x X'(M) X'^+'(M), on 
Ipoiy(M) in the sense that 

[U,V AW] ^ [U,V] AW + {-f^^+^'^V A [U, W] (2) 
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The symmetry of the wedge product is given hy U AV = (— A U. To 
distinguish the shifted grading of Tpoiy(A/) from the natural grading we add a tilde 
in the first case. Turning back to the Poisson structures expressed by the associated 
bi-vector 11, condition P2 is connected to the Schouten bracket. More precisely, a 
bi-vector field yields a Poisson structure if and only if 

P2': [n,n] = 0. 

In local coordinates, 11 — W^di A dj, the latter is written as U^^^djU'^^'-) ~ 0. 

In the following we deal with polynomial poly-vector fields, i.e. poly-vector fields 
which coefficients are polynomials. For a bi-vectors this means we have a decom- 
position n = ^ n'-' di A dj with polynomial coefficients II*-' . For two poly- vectors 
CTi and (72 which are homogeneous of degree k and £ the bracket [CTi,cr2] is homo- 
geneous of degree k + £ — 1. This yields that for a polynomial bi-vector field to 
obey [P2] , it is necessary that its highest homogeneous part is a Poisson structure 
itself. For this reason, the restriction to homogeneous polynomial poly- vector fields 
is natural. 

In the case of Poisson structures, the following holds. For degree zero all constant 
bi-vectors provide Poisson structures. For degree one we write IT*-' = fl^x'' and 
condition [P2] is given by //'"'/n'' = 0, i.e. fl^ are the structure constants of a Lie 
algebra. For a classification of linear Poisson structures in four dimensions see [13j . 
For the discussion of quadratic Poisson structures we consider the injective map iq : 
0[„ — * X{M) with io{A) = A^jxWi € X{M) which gives the linear vector fields on 
M. The Lie bracket on g := g[„ naturally extends to a Gerstenhaber bracket on g = 
(0^,>g A'^0[— and iq to a morphism i : g ^ "^poiy of Gerstenhaber algebras. 
A classical R-matrix is an element r € A^0[„ which obey the Yang-Baxter equation 
[r, r] = 0. A classical R-matrices yields a Poisson structure by r = r'^^'^^Eij AEu i— > 
ii{r) — r^^'^^x^x'^dj Adi. In this connection between quadratic Poisson structures 
and classical R-matrices is recognized and a 1-1 correspondence is shown to be true 
at least in dimension n = 2. In higher dimensions this correspondence is not true, 
because the graded components ik have non trivial kernels, in particular for fc = 2, 3. 
For n — 3 the authors in [TD] give an explicit example r S g*-^-* = A^0[„ such that 
[r,r] and «i(r) ^ but Z2[r, r] = [ji(r), ii(r)] = 0. Up to now the non linear 
Poisson structures resist descriptions as nice as in the linear case. Therefore, the 
only chance to describe them is to find an explicit way to construct them. This has 
been done for quadratic Poisson structures in [4^ and [8l and used in [lOj . 

In this text we give a decomposition formula for polynomial poly-vector fields into 
irreducible components, see Theorem 13.41 For any poly vector fields the Schouten 
bracket can be decomposed with respect to this decomposition, see Theorem l3.5l and 
Corollarv l3.61 and for even poly-vector fields the generalized Poisson condition P2' 
translates into compatibility conditions on the irreducible components, see Theorem 
13.81 and Proposition 14.21 The decomposition result yields a connection between 
polynomial Poisson structures and polynomial Jacobi structures which is collected 
in Theorem 14.51 The case where the polynomial degree and the vector field degree 
coincide turns out to be an exceptional combination. In the last part of this text we 
provide some tools to calculate polynomial Poisson structures for low dimensions 
and low degrees and give a lot of examples. 
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2. The trace operator 

We consider the volume form on the oriented manifold M . 5* induces an iso- 
morphism of poly- vector fields and differential forms. A fc- vector field U € X'^(M) 
is mapped to an {n ~ fc)-form G ^'^"^{M) by ^{V){W) := A W). 

In local coordinates with = dx^ A ■ ■ ■ A dx" = ^ei-^...i^dx'^^ A • • • A da;'" and 
U = jfU^^---^''dj, A • • • A (9j^ this reads 

= fc,(^^_fc), gji...j.^i...»„-.t/^"-^'°^^'^ A • • • A dx''^-- . (3) 

We use this isomorphism to define a derivation D : 1poiy{M) Tpoiy(A/) of degree 
-1 by 

D : X''{M) ^ X'^^'^iM), D ^^-^ odo^i . (4) 

This is in fact a differential, i.e. — 0. We note that if we restrict D to vector 
fields we recover the divergence with respect to the volume form 4'. We will recall 
this soon. In local coordinates the action of D is given by 

^^^^ = (fc^^"^'"'"'"™^^^ ^ ■ ■ ■ ^ ^^-^ ' 
where we used e'i-"^"i-""-*ej,...,,a,...a„_, = ei{n - t)\5'^::'l^. 

With respect to the non-shifted grading of poly-vector fields, D is compatible with 
the wedge product and the Schouten bracket in the following sense. 

Proposition 2.1. For all poly-vectors U and U' we have 

D{U A U') = {-foU AU' + U A DU' + {-f [C/, U'] . (6) 

Proof. Because both sides are additive we only have to check the identity for ho- 
mogeneous U and U'. Consider local coordinates with \E' = dx^ A ... A dx^ and let 
U = fdi^ A ■ ■ ■ Adi^ and U' = gdi^ A ■ ■ ■ A di^, . We evaluate the four terms of ([6]) 
separately and use the short notation di^ A - ■ ■ Adi^ — 9^^...;^. The left-hand side is 
given by 

D{UAU') = D{fgd.,...M,,,...,^,) 

= (-)'^+'='-i(fc + fc')%(/5)5.,....,,,...,,,] 

+ i~f'^k'fdy,^gd\,^...,^\j,_...j^,^ + {-f''k'gdyjdy,^...,^y^... j^,] . 
The summands of the right-hand side are 

UADU'^ {-f-'k'fd,,...,,Ad[,,gd,,...,^,] 
= {- f '^k'fd[j,gdi,,...i^y^...j^,] , 

and 

i?t/AC/'= (-)'=-ifc%/a,,...,,] A5%...,„ 
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as well as 

[U, f/'] [9,,... ,,,5] A 

_(„)(fc-i)(^'-i)g[9^.^...^.^,,/]Aa,...., 

k 
a = l 

k' 
a = l 

= (-)'^-V(E(-)"-^5.„55,^...C....J A 

k' 
a = l 

When we compare these terms we see that ^ holds. □ 

In the next lemma we collect some relations between [•, •] and D. 
Lemma 2.2. Let U and V be any poly veetor fields. Then 

[DU,U]^ -[U,DU], DUAU = UADU (7) 

and 

D[U, V] = [[/, DV] - {^fm, V] . (8) 
In particular, for U even D[U, U] = -2[DU, U], and so [DU, U] ^ if [U, U] = 0. 

Proof. To prove ([7]) we recall the commutation properties of the wedge product and 
the Schouten bracket and get [DU, U] = -{-)'^^-^^^[U, DU] = -[U, DU] as well as 
DU AU= ADU^U A DU. 

D^{U AV)^ D{{-YDU AV + U ADV + (-)^[C/, V]) 

= i-fDU ADV+ {-fi-)^[DU, V] + i-f-^DU A DV 

= i~f{D[U,V] - [U,DV] + {-f[DU,V]) . 

D'^ = yields 

D[U,V] = [U,DV] ~ {~)^[DU,V] = [U,DV] - {~)^^-^^^^-^^[V, DU] 
which proves dS]). With U even this is D[U, U] = -2[DU, U]. □ 

We mentioned before that if we restrict D to vector fields we recover the divergence 
with respect to the volume form In this case ([6]) reads as D{X AY) — (divy)X — 
(divX)F — [X, Y]. A connection to the notion of divergence induced by a connection 
V on the manifold M is given by the next Proposition. 
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Proposition 2.3. 6 Let he a volume form on the manifold M . Consider a 
connection V on M with vanishing torsion T = which is compatible with the 
volume form, i.e. = 0. Then the two notions of divergence of vector fields 
given by 

diY^X := ^-^odo ^l'{X) and divyX := tr{VX) (9) 

coincide. 



The existence of a differential D does not depend on whetfier the manifold is ori- 
entable or not, although in our case it will be. This is due to 

Proposition 2.4. 7J Let M be a manifold with torsion free connection V. Then 
there exists a differential : X'^(M) — > X'^~^(M) with ^ and which coincides 
for vector fields X with the divergence associated to V. 



We will next concentrate on polynomial poly- vector fields *P C Tpoiy These are 
poly-vector fields whose coefficients in a local coordinate system are polynomials in 
the coordinates. The space *p is bi-graded, because every subspace 'P^'^^ C ^^ptiy^^ 
admits a further Z-grading due to the degree of its coefficient polynomial. We 
denote these spaces by <pW = ^pC--'^). An element A e can be written as 

A — -j^Ai^ iJ^-'-^'x^^ ■ ■ A ■ ■ ■ Adjg with A,' totally symmetric in its lower 

indices and totally skew symmetric in its upper indices. 

Definition 2.5. A polynomial ^- vector field A is called /c-homogeneous if A S 



A,' transforms like a tensor with the given index picture, if we restrict to linear 
coordinate transformations. In this case we identify 

^{kj) ^ s''{n{M)) ® A^(X(M)) . 

The restriction of the differential on Tpoiy to the polynomial poly-vector fields is 
part of the next Proposition. 

Proposition 2.6. The differential D on %poiy, cf. restricted to the polynomial 
poly-vector fields *P is the trace operator. In particular, with respect to the bi-grading 
o/*P the differential D is of degree (—1,-1). Le. 

D : S\n{M)) ® A^(X(M)) -> 5'^-i(f7(Af)) ® A^-i(X(M)) 

rj( A^ 01---31-1 ~ A. ji---3e-im ^^^^ 

Corollary 2.7. For linear vector fields A, i.e. for elements in ri(M) ® X{M) — 
End(X(M)), the differential D is the usual trace for endomorphisms, i.e. D{A) — 
tiA. 



Proof. We write the poly-vector field in the form 

A=^A,„„,,^^-^' x^^---x^^d,,A---Ad,, 
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We recall ([5]) which yields 

fe 

— 1 /1 . Jl---J>-l"l \^ T*l . ^ ..T^kfi. A. A a. 

— . 1 /I . . . T,*fc-i;). A...Ar)- 

— (£-l)!(fe-l)! ^»l.--Jfc-im ■i' ■i' l^ji '\ '\ • 

□ 



3. The decomposition of poly-vector fields 

Let y be an n dimensional real vector space. We decompose qjC^'^) = S^{V*)®k'^V 
into its irreducible representation spaces with respect to s[„IR. 

Definition 3.1. We denote the representation space to the weight A by Fx. Fur- 
thermore, we denote by A„i the weight (0, . . . , 0, 1) and for A = A;A„_i + \i we use 

m 

the short notation Vu. 

We recall the isomorphism of representations 

The space S^{y*) ~ S^{t^~^V) is itself irreducible and its weight is given by 
A — k\n-i — (0, . . . ,0,k). To get the decomposition of we calculate 

— VfeA„_i+Af © V(fc„i)A„_i+Af_i 

= Vk,e © Vk-i,e-i ■ (11) 
The dimension of the representation space Vk^i is 

(n + fc)! 



dimVfe^f = 



(n + k - i)k\£\{n - e - ly. 

k 



in particular, dimVfc^fc = Dj-il"-^ ~ J^)- 

We note that Vis = 5l„, ^P^'^'O) = S''{V*) = VfeA„_i = F/c,o, ^5^°'^^ = A\V) = 
Vx, = Vo,i and qs'^^" ~ 5^(F*) = T4-i,„-i. 

The trace operator D : ^pC^'^) ^ fp(fc-i/-i) gives rise to an exact sequence. For 
m > it is 

• • ■ ^ v;,+2.2 © K„+i,i ^ K„+i,i © ^"(^^*) ^ ^'"(^^*) , (12) 
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or for < m < 



^ V^2,m+2 © ^ "^^1,™+! © A^V ^ A'"^ , (13) 



or for TO = 



5"(V^*) © K-2,„-2 ^ • • • 

• • ■ ^ "^^3,3 ® "^^2,2 ^ V2,2©St„ -^St«©Il^IR. (W) 

The kernel and the image of the 5l„-invariant trace are representation spaces, too. 
Due to the irreducibihty of the decomposition (fTTj) this yields 

ker(L)|qj(fc.f)) = Vk^, im{D\<;p(k,e)) = Vk-i,e-i ■ (15) 
We recall the wedge product 

to describe the inclusion 

S''-\V*) © A'-^V D Vk-i,i-i T4-1/-1 C ^'=(1^*) © AV . (16) 
Consider the element e'*^'^' € fp(i:i) defined by 

e^"''^ ^—^—-eo, witheo = x"a™. (17) 
This vector field has certain properties collected in the next lemma. 
Lemma 3.2. For A e ^P'-''' ' we have 

If furthermore DA = 0, we /lawe 

jJ(AAe(^'^))^ "" + ^''5 A. (20) 

Proof. The trace of cq is 7i, so the first part is obvious. The second part follows 
from [eo, fY] = [eo, f]Y + /[eo, Y] and 



k' 

^x'^Y.^^' 
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as well as 

[eo, dj^A--- A dj^,] ^ dm A [x'^,dj, A • • • A dj^,] 

i' 

= <9,„ A ^(-)"(5;t?% A---A%^A---Aa 

Q = l 

= A-.-Aa,,,. 

We plug A and e^*^'^^ into (O and with = as well as we get 
Z?(A A e^'^'^)) = A A De^''^''^ ~ [A, e^^^^)] 



n + fc - £ 
n + fc' - f 
n + A: - ^ 



A. 



□ 



Corollary 3.3. The preimage of an element A G Vh-\,i^\ C S''=~^(y*) A^-^V^ in 
Vfc_i^f_i C S'''(F*) (X) k^V with respect to D is given by 

A A e^'^^'^ . 

The vector e*^*^'^-* does only depend on the difference (k — i) and so is fixed for the 
sequence (IT^ . 

This discussion proves the following theorem. 

Theorem 3.4. Each polynomial poly-vector field A £ CpC^'^) admits a unique de- 
composition A ^ Ao + Ai with Ao G Vk,e C ^^''''^^ and Ai e Vk-ij-i C spC^'*^). 
Explicitly the fields are connected by DA = DAi, DAq = 0, Ai = DA A e^'''^\ i.e. 

A = An + DAAe^'^'^^K (21) 

In the next step we write the bracket of two polynomial poly vector field in terms 
of the poly vector fields we get by applying the decomposition with respect to (|2T]) . 



Theorem 3.5. Let A G 'pC^'^) and B G ^'•'^ polynomial poly vector fields with 
decompositions A^A^ + DAA e^^'^) and B = Bq + DB A e^*^''^') cf. Then 

[A,B]^= [Ao,Bo] 

A' A 

+ -rDAABo + i-Y —AoADB 

n + A ^ ^ 71 + A' l^^i 

+ ^ [Ao, DB] A ef'^"' - {-f ^ [DA, Bo] A e^^'"'^") 
n + A'- ■' n + A' ■' 

and 

D[A,B] - [Ao,DB] -i-f[DA,Bo] 

(n + A")(A-A')^,,, , , r.u^.Jk"..n\ (23) 



^7r{DAADB + {-Y [DA,DB]Ae'^ 
(n + A)(n + A') V v ; l ' J 

with A = k-e, k" = k + k', £" = £ + A' = k' ~ £' and A" = A + A' = k" - £" . 
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Proof. Let A and B as above as stated. We write e = e^'''^\ e' = e^^ and 
e" = e'-'^ From the symmetry properties of the wedge product and the bracket 
and from the compatibihty ^ we get 

[AAV,B AY] 

= (_)(^+i)(v-+B+i) [V,B]AAAY + (^-fy+B{Y+i)+i[A^ Y]AVAB 

+ [A,B]AVAY + (-)MY+v)+BiY+i)+v+A^y^ Y] A A A B . (24) 

For V = e and Y — e' this is 

[AAe,B Ae']= AA [e, B] A e' ~ [e\ A] A B A e . (25) 



We make use of the decompositions of A and B and formulas ([25]) as well as ([19 
and get 

[A, B] = [Aa + DAAe,Bn + DBA e'] 

= [Ao,Bo] + [Ao, DB A e'] + [DA A e, Bq] + [DA Ae,DB A e'] 
= [Ao, So] + [Ao, A e' + (-)(^-i)(^'-i)i?S A [Aq, e'] 

+ i:>A A [e, So] + (-)^'"^ [I?^, Bo] A e 

+ DA A [e, DB] Ae' - [e', DA] ADB Ae 

= [Ao,Bo] +{^Y'^—AoADB+^-DAABo 



^[Ao,DB] Aeo-(-)''^-^[DABo] Acq 



n + A 

A' - A 

+ 7 ITT^DA ADB Acq. 

{n + A){n + A') 

To get the trace of this expression we use lemma 

D[A,B] = [A,DB]-{-f[DA,B] 
= [Ao, DB] - {-Y' [DA, Ba] + [DA A e, DB] - {-f [DA, DB A e'] 
= [Ao,DB] - i-Y' [DA, Bq] +DAA [e, DB] + {~Y' [DA, DB] A e 
- i-Y' [DA, DB] A e' - {-Y' +"^'' DB A [DA, e'] 

= [Ao, DB] i-Y' [DA, Bo] + ^TTA^)^^ ^ 



n 



Using A(n + A) - A'(n + A') = (n + A")(A - A') proves the second part of 
Theorem l3.5l The first part is obtained by rearranging the summands in [A, B]o — 
[A, B] - D[A, B] A e" . □ 



If we restrict to the case A = _£? we get the following consequences. 
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Corollary 3.6. Let A e ^P^^'^' with I even. The bracket of A with itself in terms of 
its decomposition with respect to (12111 is given by 

[A, A] ^^[Ao, Ao] + ^^^^ {DA A Ao - [DA, Ao] A e'^'^^^.)) (36) 
D[A,A] = -2[DA,Ao] . (27) 
In [DA, Aq] and DA A we may replace Aq by A. 

Corollary 3.7. All polynomial poly-vector fields of type A A e'*''^' have vanishing 
bracket [A A e^^'^) , ^ A e^'^'^'] . 

From Corollarv l3.6l we immediately conclude the following result on even homoge- 
neous polynomial poly vector fields, e.g. (generalized) Poisson structures. 

Theorem 3.8. Let A G ^P^'''^) and £ even with A = Aa + DAA e^^-'^'^ cf. Theorem 

(1) Suppose k ^ Then [A, A] = i/ and only if 

[^o,Ao]=|^^i^AA^o. (28) 

(2) For k — £ we have [A, v4] — if and only if 

[Ao,Ao] = [DA,Ao]=0. (29) 

Remark 3.9. We emphasize on the fact that in the first point, the vanishing of 
[DA, Ao] is hidden in the stated equation This is seen by taking the trace on 

both sides of (|28p and then using ([5]) as well as 

The further specialization tok = t = 2ox£ = 2 gives the decomposition result on 
quadratic Poisson structures as stated in [5] or [5]. 

At the end of this section we will give a remark on diffeomorphisms and their effect 
on the decomposition cf. Theorem 13.41 A diffeomorphism which respects the poly- 
nomial structure as well as the degree has to be linear. For a linear diffeomorphism 
L{xy = Li^x^ and a polynomial poly-vector field we write L<,A for the induced 
action. E.g. for a linear vector field A G 0[„ we have L^,A = L~^AL, in particular 
^^g(fe,f) _ e^f^'^) , The isomorphism ^ cf. ^ is compatible with this diffeomorphism 
in the sense that for poly-vector fields A and B we have 

L* o * o L^A{B) = ^(L^A, L^B) = det L ^{A, B) = det L ^{A){B) (30) 

ov L* o o L.^, = det L '5. Furthermore, d commutes with L* so that we get 

DL^A ^ ^-^d^L^A = det L L^^-^d^A = det L L^DA . (31) 

This yields 

Proposition 3.10. Let A,A<E 'pC^'^) be polynomial poly-vector fields with trace 
decomposition A — Aq -\- B /\ e and A = Aq -\- B f\ e, respectively. Then A and 
A are diffeomorphic if and only if there exist a linear diffeomorphism L such that 
Aq = L^Aq and B = L^B. 
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4. Applications to Poisson and Jacobi structures 



4.1. Poisson structures. Theorem 13.81 has a nice consequence in the case fc > 3. 
Let A G 'pC^'^) be a Poisson structure with non vanishing trace. Furthermore 
suppose that its trace free part Aq is a Poisson structure, too. Due to the vanishing 
of the expression DA A Aq, the trace free part has the form Aq ~ DA A C for a 
vector field C. This motivates the next definition. 

Definition 4.1. A (generalized) Poisson structure is called simple if its trace- free 
part is itself a (generalized) Poisson structure. 



In the case of Poisson structures we may summarize 

Proposition 4.2. A simple homogeneous polynomial Poisson structure of degree 
> 3 has rank two. 



Bi-vector fields in dimension two. For V = we have V* ^ V as represen- 
tation spaces and V,n-i,i ^ S"'{V). In particular, [A, A] = for all A e ^^"'^^\V). 
The sequence ([T2|) is written as 



s"\v) ^ 5""(y) ® s^^-^v) — > s""(F) 

and we have kerD = {0}. 

Let us consider m — 2. We have SI2 — S'^{V) via 

a b \ f—b 



c —a 



which is the {di A 92)-component of i ( ^ ) ^ e*-^'^-*. This yields the result 



c —a. 

mentioned in the introduction, namely that every quadratic Poisson structure is 
obtained by an element in A'^gl2. This, of course, may be generalized to arbitrary 
TO > 2. 

Proposition 4.3. Every homogeneous polynomial Poisson structure of degree m 
in dimension two is obtained by 



Linear bi-vector fields. Consider linear bi-vectors and the splitting fpf^^^) = 

/1,2 



© AV. 



• The bi-vector with trace v G A^V ~ 1/ is A = -^-rv A 1, i.e. A^H — 

;j3Yw[*(5^' . These coefficients give rise to a Lie algebra (= Poisson structure 
in the linear case) due to Corollarv l3.7l 

• In dimension n = 3 this may be expressed by the help of the cross product. 
Let E = {El, E2, E^) be a basis of the Lie algebra. The bracket can be 
expressed as follows 

[E,,E,] = v^^5i}Ek = '^{v'SiE, - v^SlE,) 
= l{v'Ej^v^E,)^le'^''{vxE)k 
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E.g. V — 2ei gives 

which is the Lie algebra 0(i,i) IR x of rank 2. Furthermore, consider 
the Lie algebra 0(q,/3) given by 

[Ei,E2]=aE2, [Si , £;3] = , [^^2 , £^3] - 

This algebra has structure constants A^'^2 — oi, A^^j, — (3 and trace DA — 
(Q;+/3)ei. The decomposition (|2T|) together with the discussion above yields 

{Anf\ = ^,{AoYh^^ 
{A,f\ = {A,f\ = ^ll. 

In particular [Aq^ Aq] = DA/\Aq = 0, i.e. we have a decomposition of Q(a,i3) 
into a pair of Lie algebras (o^ a-g o-a y g^ c+g a+e ^. 

• Consider a semi simple Lie algebra and its decomposition g = () © 0^ g„. 
The roots a G ()* obey [H,X] = a{H)X for all H in the Cartan algebra f) 
and X in the one dimensional subspace Qa- The ol[H) are the only non- 
vanishing diagonal elements of the structure constants and with a{H) the 
element —a{H) is present, too. So the sum over these elements vanish and 
so does the trace of g which is given by 

i a 

for a basis {Hi} of t). 

• Let fl = flo ©01 be the vector space decomposition of the Lie algebra g into 
its semi simple and solvable parts with basis {Ei} and {Fj}, respectively. 
We have [00,01] C gi so that the trace of g decomposes like 

Dg = Dgl+Y,i^is^(iE,\^l)E^■ (32) 

i 

A similar but not so strong decomposition of the trace may be obtained by 
the decomposition g = g^^) © 0/0'-^^ with q^^'> = [9,9] and [fl/fl^^^ 0'-^''] C 
Q^^\ It is not so strong in the sense that gi C fl/fl^^^ and go D g^^^ 

4.2. Jacobi structures. A (generalized) Jacobi structure on the manifold M is 
by definition a pair (A, £;) G X'^^M) x X'^'^-'^{M) which obeys 

[A, E] =0 and [A, A] = 2E A A . (33) 

This is due to [TT but with the field E rescaled. 

Definition 4.4. A Jacobi structure (A, E) is called fc-homogeneous if A G fpC^'^^^) 
and E G spC^^i-^^-i) are homogeneous of degree k and fc — 1, respectively. 

A fc-homogeneous (generalized) Poisson structure 11 and a fc-homogeneous (gener- 
alized) Jacobi structure (A, E) are called associated, if 

fc — 2/ 

no=Ao and Ea = . ' (DA-Dn). (34) 
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Theorem 4.5. (1) For every homogeneous Jacobi structure (A, _B) of degree 
k ^ 2£ a k-homogeneous Poisson structure is defined via its decomposition 
with respect to Theorem[ 



7j _(- _ 2/ 

Ho = Ao and DIl = DA-\ — — ; — Eo . 

2£ — k 

(2) Let n Ho + DH a e'^^''^^^ be a k-homogeneous Poisson structure, k ^ 21, 
which admits a splitting DH = Fo+iJo such that there exists ^ € fp(fc-2,2f-2) 
with 

CAHo = [no,i^o]+i^o A^o- 
This defines a Jacobi structure given by 

A^no + FoAe^'^-^^) and \, (^o + g A e^^-^^)) . 

(3) In the case k = 2i a pair of associated Jacobi- and Poisson structure obeys 
Eq — and DA = DIl + r] for some rj with [77, Aq] — -DE A Aq. 

Remark 4.6. The second item of the preceding theorem includes two special cases, 
namely two structures coming from ^ = 0. The first is the obvious one with E = 0, 
i.e. Fq = DA, which yields the Jacobi structure 

A = n, E^O. 

The second special case is Fo = with Jacobi structure given by 

2£ — k 

A^Hn, E^ Dn. 

For £ = 1 the latter is the structure also given in [12] . 



Proof. Let A = Aq + DA A e and E — Eq + DE A e form a fc-homogeneous Jacobi 
structure with decompositions with respect to Theorem 13.41 We use the notations 
e =: e*^*^'^^', e" — e^^'^''^^\ and A = fc — 2£. We reformulate the Jacobi conditions 
(155)1 in terms of the fields Aq, Eq, DA and DE by using Theorem 13.51 We plug in 
A ^ E, B = A, £' = 2£, and A = A' = k - 2£. This yields 

[E,A]^^ [Eo,Ao] 

+ -^-r (Eo a da + DE a Ao + ([Eq, DA] - [DE, Aq]) A e") 
n + A V / 

and D[E,A] = [Eo,DA] - [DE, Aq] ^ -D{Eo ADA + DE A Aq). So the first Jacobi 
condition is written as 

f[Fo,Ao]- ^{EoADA + DEAAo) if A ^ , 

[E, AJ = ■^=^ < n + A ^ 

i[Fo,Ao]=0 and [Eq, D A] - [DE, Aq] if A = . 

We use dlSl) for A = A as well as F A A = Fq A Aq + {DE A Aq + Eq A DA) A e 
and D{E A A) = DE A Aq + Fq A ZJA + [E, A]. This yields for the second Jacobi 
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condition 

[A, A] ^ 2E hk 

( 2A 2A 

[Ao, Ao] + —-rDK A Ao —- [DK, Aq] A e" 

^ =2EoAAq+ (^-^^{DE a Aa + Eo a da) - 2[S, A]) A e" 
and 

[DA,Ao] = -DE A Ao- Eo ADA - [E, A] 

A ri + 2A 

[Ao, Ao] = 2{Eo - —irDA) A Ao - 2^— [E, A] A e" 

and 

[DA, Ao] = -DE A Ao - £^0 A i:'A - [£;, A] . 
So the two Jacobi conditions together translate as foUows 
[E, A] = and [A, A] =2E AA 

[£iA,Ao] = -DEaAo-EqADA (*) 
and 

[Ao, Ao] = 2(So ^^A) A Ao (**) 

71 + A 

Suppose A ^ 0, i.e. k ^ 2£. Then for Ho := Ao and Dn = DA - '-^Eo we have 

[Ho, Ho] = ^mAHo, 

i.e. ((28)) . This proves the first item. The second item is almost the same up to 
the fact that we have to make sure the compatibility (*) of A and Eq with the 
trace DE = In the third item the vanishing of Eq follows from the definition. 
Therefore, DH and DA are not related via E. Then the Jacobi structure (A = 
Ao + DA A e, i? = ^ A e) and the Poisson structure 11 = Aq + -DII A e are associated 
only if the difference rj = DA — DIl obeys [rj, Ao] = — ^ A Ao, i.e. DIl must coincide 
with some part of DA which leaves Aq invariant. □ 

5. Tools for explicit calculations 

In this section we provide the tools to give the lists of simple cubic Poisson structures 
in dimension three and quadratic Poisson structures in dimension four. The latter 
supplements the list of quadratic Poisson structures in dimension three which may 
be found e.g. in [8] or [4]. 

5.1. Cubic Poisson structures in dimension three. Let 11 be a cubic Poisson 
structure. Theorem 13 . 41 provides a decomposition of the bi- vector field 11 into a pair 
(Ho, Ao). Here IIq denotes the trace free part of 11 and depends on a biquadratic 
polynomial /, via the isomorphism (jS]). The vector field Ao = A — DA A e^'^'^^ is 
the trace free part of a quadratic vector field A and encodes the trace of 11. 
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The Poisson condition [H, H] = may be translated to the function / and the 
vector field Aq. We do this for the equivalent conditions [Ho, Ho] = Aq A Ho and 
[AqjIIo] = 0, compare Theorem 13.81 We recall the calculations in ([57]) and that 
[Ho, Ho] = D(no A Ho) vanish in dimension three, i.e. 11 is simple. So we are left 
with the conditions 

Ao(/)=0 and AoAno = 0. (35) 

For Ho being a two-form, the last equality forces it to be of the form Hq = Aq AC 
for a vector field C (compare proposition |42|) and the Poisson structure is of course 
of rank < 2. If we translate the Poisson condition with respect to these data, we 
get 

LcAo = (36) 

where we used [>lo,^o] = 0- For a trace free vector field C the operators D and 
Lc commute so that the condition may be read LcA = 0. 

To gain a list of all simple Poisson structures with trace free vector field C £ fp(i^i) 
we restrict to its Jordan form due to proposition l3.10l We write the components of 
the vector field A — A^dk with respect to the basis of quadratic polynomials, i.e. 
A^ = A'l^x^ + Al^y"^ + A'l^^z^ + A^^xy + A^^xz + A^^yz or 

Ak _ ( Ak Ak Ak Ak Ak Ak 
^ — l,^llJ ^227 ^33' ^12' ^13' ^23j 

The bracket of A with the vector field C — Clx^dj is given by 

fjAk 

[C,A]^ = Clx'^-C^A^ . 

Because of the restriction to the Jordan form of C, we will only need the following 
vectors for the calculations 

{xd^A"" , ydyA"" , zd^A^ , xdyA^ , yd^A^" , yd^A'') = 



/2A1, 








Ak 
^12 








\ 





2^22 








Ak 
^23 


Ak 
^12 










2^33 













Ak 
^12 


Ak 
^12 





2^22 


Ak 
^13 


2A?i 


Ak 
^13 





Ak 
^13 


Ak 
^23 










^ 


Ak 
^23 


Ak 
^23 





2^33 


Ak 
^13 


/ 



The next list gives all pairs of trace less {C,Aq) e ^1,1 x ¥2,1 C qj^^'i^ x <p(2a) 
which yield a simple Poisson structure 

n = ^oA(C + e(3.2)) 
in the described way. This list is complete up to a permuting the variables. 

h \ 

[A] C — \ a2 with ai + a2 + ^ 0. 

V 03 / 

[A.l] aia2a3 ^ 0. 

[A.1.1] ai ^ 2aj for all 1 < i,j < 3. 

In this case A = is the only solution of [C, A] = 0. 
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[A.1.2] 02 = 2ai, i.e. C = a • diag(l, 2, -3). 

We have one non-zero solution of [C, A] = and this solution is 
trace free. It is given by 

Aq ~ ax^dy . 

[A.2] ai =0,02 y^O. 

The space of solutions A is six-dimensional and we find a trace free 
basis 

Aq G span{ y'^dx-, z^d^-, yzd^, x^d^ - xydy - xzd^, 

x^dx — 3xydy + xzdz, x^dx + xydy ~ 3xzdz } . 

[A.3] ai = 02 = 0. 

In this the case the Poisson structure is of the form 11 = Ao A e*^^'^^ 
with an arbitrary trace free quadratic vector field Aq. 
/o 1 

[B] C = a 

[B.l] a 7^0. 

There is no non-zero solution of [C, A] = 0. 
[B.2] = 0. 

The space of solutions is eight dimensional and the projection onto the 
trace free part is six dimensional: 

Aq e span{ z^dz — {xzdx + yzdy), 3xzdz — {x^dx + xydy), 

X 

/O 1 

[C] C = I 1 

The dimension of the space of solutions of [C, A] = is four. The 
projection on the trace free part is three dimensional and given by 

Aq e spanj x^dz, xydz — x^dy, xydy + x^dx + ^y^dz — 3xzdz } 

/o b \ 

[D] C = -6 o with 6 7^ 0. 

[D.l] 07^0. 

As before we have no solution in this generic case. 
[D.2] = 0. 

The solutions of [C, A] = span a three dimensional subspace of fpt^-^) 
which has a trace free basis. So the Poisson structures are built up by 

Aq e span{ (y^ + x^)dz, z{ydx - xdy), z(xdx + ydy) } . 

5.2. Quadratic Poisson structures in dimension four. In this particular di- 
mension we handle with quadratic bi-vectors and their trace given by linear vector 
fields. A Poisson structure 11 is described by a pair {Jig, A) where Jig is a trace 
free Poisson structure and A is linear vector field which is compatible with Ilg in 
the way that La^q = [A, Ilg] = holds, cf. Theorem 13.81 The linear vector field 
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encodes the trace of 11 and so is trace free, i.e. A £ sU. Furthermore, because He is 
trace free, there exists a cubic tri-vector field L such that lie — DL. If we consider 
the isomorphism ^ we may write L = ^~^9 with a cubic one-form 9. The trace 
free bi- vector is then given by He — '^~^d6, cf. (|4]). This explains the notation for 
the trace free part of 11. The compatibility condition may be reformulated by 

[A, He] = D{A A He) = odo -^{A A He) = o d o «^ o in,* 

= odo lAde = "H^^i-iA o d^e + LAdO) = o LAde (37) 

= o dLAe = Hl^O 

and so reads as 

(i) LaO^Q. 

The Poisson condition on Ilg translates to 6 in the following way. The commutator 
of He with itself is a tri-vector field and via 5* a one- form. We look at its components 

(* o [He,He]),n = (* o D[Hb A He)),n - d„,-^{He A He) . 

The function '^{He A He) which is the only coefficient in dO Add is a homogeneous 
bi-quadratic polynomial. Its derivative vanishes if and only of it vanishes itself. So 
the Poisson condition on He can be written as 

(ii) de Ad9 = 0. 

To characterize all quadratic Poisson structures in the four-dimensional case we 
have to look for pairs of one-forms 9 with cubic coefficients and trace free matrices 
A such that (i) and (ii) are satisfied. We write He^A for the resulting Poisson 
structure. We call a one-form and a matrix which fulfills condition (i) compatible. 
This is a linear condition on the coefficients of the 1-form. Because of remark [53] 
below, which is an easy consequence of proposition 13. 101 and (f30|) as well as (i) and 
(ii), we may restrict ourself to matrices A which are in Jordan form. Condition (ii) 
is non-linear and yields algebraic relations of degree two for the coefficients. 

Remark 5.1. 11^^^ and II^^s are Poisson isomorphic if and only if there is a linear 
isomorphism L such that 

r] = detL L*9, and B = LAL^^ . 

For the explicit calculations in (i) we expand the cubic one-form in the form 9 = 
9kdx'' and 

Ok= Ok-.n^noX'^X^x" (38) 

0<m<n<o<3 

with , , x"^ , x^) := {t, x, y, z). For A S 5(4 we have 

B9 

LA9k=A'kO^+A',x^^ (39) 

and LaO = is a system on the 80 coefficients 9k-mno- We write the coefficients 
of the respective 1-forms as vectors in the basis of the cubic polynomials as given 
in ([38|) . In view of ([39| and the restriction to the Jordan form of the matrix A we 
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only need the following vectors: 

(6'fe, tdt9k, xdxOk, ydyOk, zd^Ok, 



tdx9k, xdyOk, yd^9k, xdtOk, zdyOk) = 



/Ok 


012 


6k-fll2 


^fc;012 


^^fc:012 





2^^fc;112 


26'fc;220 


6'fc:013 


26'fc;002 


\ 


6k 


013 


0k;O13 


^fc;013 





^A;;013 


2^^fc;113 


^fc;023 





26'fc:003 


^'fc;012 


dk 


023 


6k:023 





^^fe:023 


^fe;023 


^'fc;123 





2^fc;330 





20fc;22O 


Ok 


123 





^fe;123 


^^fc:123 


6kil23 





26'fc:223 


20fc;331 


^fc;023 


2^^fc;221 


Sk 


001 


2^fc;001 


^fc;001 








2^fc;110 


6k;002 





36'fc:000 





Sk 


002 


20fc;OO2 





6k:Q02 





^'fc:012 





^'fc:003 








Sk 


003 


20fe;OO3 








^fc;003 


^'fc:013 











^'fc;002 


Sk 


110 


6'fc;110 


26'fc:110 








3^fc;lll 


6k-012 





26'fc:001 







112 





26'fc:112 


6k:112 








2^fc;221 


^'fc:113 


6kfll2 





Sk 


113 





26'fc:113 





^fc;113 





^fc;123 





6ki013 


^'fc:112 


Sk 


220 


6k;220 





20fc;22O 





^'fc;221 





^'fc:023 








dk 


221 





6k;221 


20fe;221 








3^fc;222 


6'fc;123 


6k-22Q 





6k 


223 








20fe;223 


6k-223 








2^fc;332 





30fc;222 


6k 


330 


6'fe;330 








2fi'fc;330 


^fc;331 











^fc;023 


6k 


331 





^fc;331 





26'fc;331 





6k;332 





^fc;330 


^fc;123 


6k 


332 








^fe:332 


26'fc:332 








3^A:;333 





2^^fc;223 


6k 


000 


3^fc;000 











^fc;001 














6k 


111 





36'fc:iii 











6kill2 





^fc;110 





6k 


222 








30fe;222 











6k:223 








\6k 


333 











3^fe;333 














^'fc:332 / 



A careful examination yields 8 cases with 43 subcases in total. We will restrict here 
to three examples. The whole list may be found in [5]. 

• A — diag(ai, a2, a^, a^), \ai\ distinct, and no relation of the form ai = Saj 
holds for any i, j. 

The only 1-form 9 for which (i) holds is 

9 — a^xyz dt + aityz dx + a2txz dy + a^txy dz . 

In particular, (ii) is also satisfied, the associated Poisson structure Hg is 

Ug = aoitxdt Adx + aQ2tydt Ady + aastzdt A dz 

+ ai2xydx Ady + aisxzd^ Ad^ + a23yzdy A ■ 

1 \ 

, a ^ 0. The compatible 1-form is 



(a 



V 



1 

-aj 



9 — ty{aiy dt + a2tdy) + (tz — xy){Si{z dt — y dx) + 52{tdz — xdy)) 
+ ty{(3i{z dt — y dx) + (32{t dz — x dy)) + {tz — xy){jiydt + 72* dy) 

and condition (ii) yields 

61-62^ 0, (/3i - P2)m - P2) + (71 + 72) = . 

The first equation makes the second summand of a total derivative, such 
that it does not enter into the Poisson structure. A sample structure is 
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• A 



given by the further choice /3i — /32, 71 = 72, i-e. 

He = atyd^ l3-^{d{ty) A d{tz - xy)) . 

\ 



fa d 
-d a 



V 



-a 

-e —a 
The compatible 1-form is 

.2 I .2 



V 



6 — [y + z ){ai{xdt — tdx) + a2{tdt + xdx)) 
+ + x^){f3i{zdy - y dz) + I32{ydy + zdz)) 

which also satisfies (ii). A sample structure is given by the choice a2 = /32 
which combines the respective summands to a total derivative. The further 
choice ai — /3i yields 

He = {t" + x^)dt A Ox + (y' + z^)dy A 5. 

+ (ty + xz)(dx Ady-dtA dz) + [tz ~ xy){dt Ady+dx A dz) 
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